ABSTRACT. For a wide class of two-body energy operators h(k) on the three-dimensional lattice Z 3 , k being the two-particle quasi-momentum, we prove that if the following two assumptions (i) and (ii) are satisfied, then for all nontrivial values k, k = 0, the discrete spectrum of h(k) below its threshold is non-empty. The assumptions are: (i) the twoparticle Hamiltonian h(0) corresponding to the zero value of the quasi-momentum has either an eigenvalue or a virtual level at the bottom of its essential spectrum and (ii) the oneparticle free Hamiltonians in the coordinate representation generate positivity preserving semi-groups.
INTRODUCTION
The main goal of the present paper is to give a thorough mathematical treatment of the spectral properties for the two-particle lattice Hamiltonians with emphasis on new threshold phenomena that are not present in the continuous case (see, e.g., [4] , [8] , [13] - [15] , [17] for relevant discussions and [9] , [11] , [16] , [29] for the general study of the low-lying excitation spectrum for quantum systems on lattices).
The kinematics of quantum quasi-particles on lattices, even in the two-particle sector, is rather exotic. For instance, due to the fact that the discrete analogue of the Laplacian or its generalizations (see (2.1) and (4.1)) are not rotationally invariant, the Hamiltonian of a system does not separate into two parts, one relating to the center-of-mass motion and the other one to the internal degrees of freedom. In particular, such a handy characteristics of inertia as mass is not available. Moreover, such a natural local substituter as the effective mass-tensor (of a ground state) depends on the quasi-momentum of the system and, in addition, it is only semi-additive (with respect to the partial order on the set of positive definite matrices). This is the so-called excess mass phenomenon for lattice systems (see, e.g., [15] and [17] ): the effective mass of the bound state of an N -particle system is greater than (but, in general, not equal to) the sum of the effective masses of the constituent quasiparticles.
The two-particle problem on lattices, in contrast to the continuous case where the usual split-off of the center of mass can be performed, can be reduced to an effective one-particle problem by using the Gelfand transform instead: the underlying Hilbert space ℓ 2 ((Z 3 ) 2 ) is decomposed as a direct von Neumann integral associated with the representation of the discrete group Z 3 by shift operators on the lattice and then, the total two-body Hamiltonian appears to be decomposable as well. In contrast to the continuous case, the corresponding fiber Hamiltonians h(k) associated with the direct decomposition depend parametrically on the internal binding k, the quasi-momentum, which ranges over a cell of the dual lattice. 0 α ), t > 0, α = 1, 2. We remark that this property is automatically fulfilled for the standard Laplacian (discrete or continuous).
The paper is organized as follows. In Section 2 we formulate the main hypotheses on the one-particle lattice systems and prove the basic inequality (see Lemma 2.2 below) for the dispersion relations that are conditionally negative definite. In Section 3 we introduce the concept of a virtual level for the lattice one-particle Hamiltonians and develop the necessary background for our further considerations. In Section 4 we describe the two-particle Hamiltonians in both the coordinate and the momentum representation, introduce the two-particle quasi-momentum, and decompose the energy operator into the von Neumann direct integral of the fiber Hamiltonians h(k), thus providing the reduction to the effective one-particle case.
In Section 5 we obtain efficient bounds on the location of the discrete spectrum for the two-particle fiber Hamiltonian and prove the main result of this paper, Theorem 5.4 , in the case where h(0) has either a threshold eigenvalue or virtual level at the bottom of its essential spectrum.
In Appendix A, for readers convenience, we give a proof of Proposition 3.9 which is a "lattice" analogue of a result due to Yafaev [28] in the continuous case.
In Appendix B we construct an explicit example of a one-particle discrete Schrödinger operator on the three-dimensional lattice Z 3 that possesses both a virtual level and threshold eigenvalue at the bottom of its essential spectrum (cf., e.g., [1] , [3] , and [12] for related discussions in the case of continuous Schrödinger operators).
2. THE ONE-PARTICLE HAMILTONIAN 2.1. Dispersion relations. The free Hamiltonianĥ 0 of a quantum particle on the threedimensional lattice Z 3 is usually associated with the following self-adjoint (bounded) multidimensional Toeplitz-type operator on the Hilbert space ℓ 2 (Z 3 ) (see, e.g., [15] ):
Here the series s∈Z 3ε(s) is assumed to be absolutely convergent, that is,
We also assume that the "self-adjointness" property is fulfilled
In the physical literature, the symbol of the Toeplitz operatorĥ 0 given by the Fourier series
being a real valued-function on T 3 , is called the dispersion relations of normal modes associated with the free particle in question. The one-particle free Hamiltonian is required to be of the formĥ
where ∇ is the generator of the infinitesimal translations. Under the mild assumption thatv
wherev = {v(s)} s∈Z 3 is a sequence of reals, the one-particle Hamiltonianĥ, h =ĥ 0 +v, describing the quantum particle moving in the potential fieldv, is a bounded self-adjoint operator on the Hilbert space ℓ 2 (Z 3 ). The one-particle Hamiltonian h in the momentum representation is introduced as
where F stands for the standard Fourier transform F :
, and T 3 denotes the three-dimensional torus, the cube (−π, π] 3 with appropriately identified sides. Throughout the paper the torus T 3 will always be considered as an abelian group with respect to the addition and multiplication by real numbers regarded as operations on R 3 modulo (2πZ) 3 . 
2.2.
Hamiltonians generating the positivity preserving semi-groups. The following important subclass of the one-particle systems is of certain interest (see, e.g., [6] ). It is introduced by the additional requirement that the dispersion relation ε(p) is a realvalued continuous conditionally negative definite function. Recall (see, e.g., [21] ) that a complex-valued bounded function ε : T m −→ R is called conditionally negative definite if ε(p) = ε(−p) and
It is known that in this case the dispersion relation ε(p) admits the (Lévy-Khinchin) representation (see, e.g., [5] )
which is equivalent to the requirement that the Fourier coefficientsε(s) with s = 0 are non-positive, that is,ε (s) ≤ 0, s = 0, and the series s∈Z 3 \{0}ε (s) converges absolutely. In turn, this is also equivalent to that the lattice Hamiltonianĥ =ĥ 0 + v generates the positivity preserving semi-group e −tĥ , t > 0, on ℓ 2 (Z 3 ) (see, e.g., [21] Ch. XIII). Following [6] we call the free Hamiltonianŝ h 0 = ε(−i∇) generating the positivity preserving semi-groups the generalized Laplacians.
The following example shows that the standard discrete Laplacian is a generalized Laplacian in the sense mentioned above.
Example 2.1. For the one-particle free Hamiltonian
Hence, the corresponding dispersion relation
is a conditionally negative definite function.
We need a simple inequality which will play a crucial role in the proof of the main results of the paper, Theorems 5.3 and 5.4. 
holds.
Proof. For n = 4, m = 3,
and z = (1, −1, 1, −1) applying inequality (2.2) (ε(p) is an even function) proves the non-strict version of inequality (2.4). To show that inequality (2.4) is strict we proceed as follows. Fix a q ∈ T 3 , q = 0. Then there exists an s 0 ∈ Z 3 \ {0} such thatε(s 0 ) < 0 and cos(q, s 0 ) = 1 (otherwise ε(q) = s∈Z 3ε(s) = ε(0) which contradicts the hypothesis that ε(0) is the unique minimum of the function ε(·) on T 3 ). Since the cosine function is conditionally positive definite, using the non-strict version of inequality (2.4) yields
sinceε(s 0 ) < 0 and cos(q, s 0 ) = 1, completing the proof.
A VIRTUAL LEVEL AND THRESHOLD EIGENVALUES
In order to introduce the concept of a virtual level (threshold resonance) for the (lattice) energy operator h we assume the following technical hypotheses that guarantee some smoothness of the dispersion relation ε(p) and the continuity of the Fourier transform
of the interactionv. 
For λ ≤ ε(0) on the Banach space C(T 3 ) of continuous (periodic) functions on T 3 we shall consider the integral operator G(λ) with the (Birman-Schwinger) kernel function Proof. Given f ∈ L 1 (T 3 ), for the function g introduced by
one has the estimates
is continuous. Therefore, from (3.2) and (3.3) it follows that the image of the unit ball in C(T 3 ) consists of functions that are totally bounded and equicontinuous: v is continuous and, therefore,
An application of the Arzela-Ascoli Theorem then completes the proof. 
and
In the case of a threshold eigenvalue λ = ε(0) equality (3.4) may fail to hold. It should be replaced by the inequality
In order to discuss the threshold phenomena, that is, the case λ = ε(0), following [3] and [7] (see also [12] for a related discussion), under Hypothesis 3.1 we distinguish five mutually disjoint cases:
Case I: −1 is not an eigenvalue of G(ε(0)). Case II: −1 is a simple eigenvalue of G(ε(0)) and the associated eigenfunction ψ satisfies the condition
Case III: −1 is an eigenvalue of G(ε(0)) and any of the associated eigenfunctions ψ satisfies the condition
Case IV: −1 is a multiple eigenvalue of G(ε(0)) and exactly one (up to a normalization) of the associated eigenfunctions ψ satisfies the condition
Case V: −1 is a multiple eigenvalue of G(ε(0)) and at least two of the associated eigenfunctions ψ and ϕ that are linearly independent satisfy the condition
Given the classification above, we arrive at the following definition of a virtual level.
Definition 3.4. In Cases II, IV and V the operator h is said to have a virtual level (at the threshold).

Remark 3.5. Note that in Cases III and IV the operator h has a threshold eigenvalue
λ = ε(0) of multiplicity dim Ker(G(ε(0))+I) and dim Ker(G(ε(0))+I)−1 respectively.
Remark 3.6. Our definition of a virtual level is equivalent to the direct analogue of that in the continuous case (see, e.g., [1]
, [23] , [25] , [27] , [28] and references therein).
Remark 3.7. If the Hamiltonian h has a virtual level and the corresponding function
, then the function
belongs to L r (T 3 ), 1 ≤ r < 3/2. In particular, the function f given by (3.5) is the eigenfunction of the operator h associated with the eigenvalue ε(0) in the Banach space
and hence the following equation
holds.
A simple computation shows that the Fourier coefficientsf (s), s ∈ Z 3 , of the (summable) function f solve the infinite system of homogeneous equations
and hence the equation (in the coordinate representation) 
the Birman-Schwinger kernel G(p, q; λ) has the additional property that
Hence, if ψ ∈ Ker(G(λ) + I), λ ≤ ε(0), so does the function ϕ(p) = ψ(−p). Therefore, exactly one of the functions ψ ± ϕ is also an eigenfunction of G(λ) associated with the eigenvalue −1, and hence, without loss of generality one may assume that the operator G(λ) has an eigenfunctionψ such that |ψ(·)| is an even function.
To get finer results (cf. [28] ) we need an auxiliary scale of the Banach spaces B(µ), 0 < µ ≤ 1, of Hölder continuous functions on T 3 obtained by the closure of the space of smooth (periodic) functions f on T 3 with respect to the norm
Note that the spaces B(µ) are naturally embedded one into the other
If v ∈ B(κ) with κ > 1 2 , the following proposition, a variant of the Birman-Schwinger principle, is a convenient tool to decide whether the threshold ε(0) of the essential spectrum of h is an eigenvalue (resp. a virtual level ) for the operator h. In particular, the operator h has a virtual level if and only if −1 is an eigenvalue of G(ε(0)) and one of the associated eigenfunctions ψ satisfies the condition
Proof. See Appendix A. 0 of the system of two quantum particles α = 1, 2, with the dispersion relations ε α (p), α = 1, 2, respectively, is introduced (as a bounded self-adjoint operator on the Hilbert space
Remark 3.10. A more thorough examination of the proof shows that, in fact,
dim Ker(h(0) − ε(0)I) = dim Ker(G(ε(0)) + I), in Case III dim Ker(G(ε(0)) + I) − 1, in Case IV.
Remark 3.12. It is known that for the continuous Schrödinger operators
The total Hamiltonian H (in the coordinate representation) of the two-particle system with the real-valued pair interaction V is a self-adjoint bounded operator on the Hilbert space ℓ 2 ((Z 3 ) 2 ) of the form
with {v(s)} s∈Z 3 the Fourier coefficients of a continuous function v(p) satisfying Hypothesis 3.1.
The momentum representation.
The transition to the momentum representation is performed by the standard Fourier transform
where (T 3 ) m denotes the Cartesian m-th power of the three-dimensional cube
, m ∈ N.
The two-particle Hamiltonian H in the momentum representation is then given by
where
and V is the operator of partial integration given by
Here the kernel function is given by the Fourier series 
Via the Fourier transform F 2 the unitary representation
induces the representation of the group
Given k ∈ T 3 , we define F k as follows
Introducing the mapping
We remark that F k , k ∈ T 3 , is a three-dimensional manifold homeomorphic to T 3 . The following lemma is evident.
is bijective, with the inverse mapping given by
Decomposing the Hilbert space
yields the corresponding decomposition of the unitary representation U 2 s , s ∈ Z 3 , into the direct integral
and I L 2 (F k ) the identity operator on the Hilbert space L 2 (F k ).
The Hamiltonian H (in the coordinate representation) obviously commutes with the group of translations,Û 2 s , s ∈ Z 3 , that is,
So does the Hamiltonian H (in the momentum representation) with respect to the group U 2 s , s ∈ Z 3 , given by (4.3). Hence, the operator H can be decomposed into the direct integral
associated with the decomposition
In the physical literature the parameter k, k ∈ T 3 , is called the two-particle quasi-momentum and the corresponding operatorsh(k), k ∈ T 3 , are called the fiber operators.
4.4. The two-particle dispersion relations. The fiber operatorsh(k), k ∈ T 3 , from the decomposition (4.5) are unitarily equivalent to the operators h(k), k ∈ T 3 , of the form
and the two-particle dispersion relations
parametrically depend on the quasi-momentum k, k ∈ T 3 . The equivalence is given by the unitary operator u k :
with π k defined by (4.4).
SPECTRAL PROPERTIES OF THE FIBER OPERATORS h(k)
As we have learned from the previous section, the two-particle Hamiltonian H (up to unitary equivalence) can be decomposed into the direct integral
where the fiber operators h(k) = h 0 (k) + v can be considered as the one-particle Hamiltonians with the two-particle dispersion relations
with ε α (p) the dispersion relations for the particles α = 1, 2. Under Hypothesis 3.1 the perturbation v of the operator h 0 (k), k ∈ T 3 , is a HilbertSchmidt operator and, therefore, in accordance with the Weyl Theorem the essential spectrum of the operator h(k) fills in the following interval on the real axis:
If the dispersion relations in the one-particle sector are conditionally negative definite, then so is the two-particle dispersion relation E 0 (p) corresponding to the zero-value of the quasi-momentum k. Hence, under these assumptions, the Hamiltonian h(0) in the coordinate representation generates the positivity preserving semi-group e −th(0) , t > 0 (which is not necessarily true for the fiber Hamiltonians h(k) with k = 0: the function E k (p) may 1,2,3 , S. N. LAKAEV 4, 6 , K. A. MAKAROV 5 , AND Z. I. MUMINOV 6 not be even, and hence, not conditionally negative definite). Although the two-particle dispersion relations are not necessarily conditionally negative definite for nontrivial values of the quasi-momentum, they still satisfy some useful inequality, Lemma 5.2 below, analogous to that in Lemma 2.2 for the one-particle dispersion relations.
Hypothesis 5.1. Assume Hypothesis 3.1. Suppose that the dispersion relations ε α (p), α = 1, 2, in the one-particle sectors are conditionally negative definite.
Lemma 5.2. Assume Hypothesis 5.1. Then for any (fixed)
k, q ∈ T 3 such that either k = q or q = 0 E 0 (p) − E 0 (0) + E k (q) − E k (p + q) + E k (q − p) 2 > 0, a.e. p ∈ T 3 .
In particular, if k = 0, and p(k) is a (any) point where the function E k (·) attains its minimal value, that is,
E min (k) = E k (p(k)), the following inequality E 0 (p) − E min (0) + E min (k) − E k (p + p(k)) + E k (p(k) − p) 2 > 0, a.e. p ∈ T 3 ,
holds.
Proof. Since |q| 2 + |k − q| 2 = 0 the claim is an immediate consequence of Lemma 2.2 and definition (5.1) of the two-particle dispersion relations:
Our first non-perturbative result shows that under Hypothesis 5.1 the discrete spectrum of the fiber operators h(k) under the variation of the quasi-momentum cannot be absorbed by the threshold, provided that h(0) has eigenvalues below the bottom of its essential spectrum.
Theorem 5.3. Assume Hypothesis 5.1. Denote by
If the Hamiltonian h(0) does not have the discrete spectrum below the bottom of its essential spectrum, that is, m(0) = E min (0), assume, in addition, that the lower edge m(0) of the spectrum of the operator h(0) is an eigenvalue. Then
Proof. Let 0 = f ∈ Ker(h(0) − m(0)I) and hence
By hypothesis the one-particle dispersion relations are conditionally negative definite functions. Then, as it can easily be seen from the definition of the two-body dispersion relation, the function E 0 (p) corresponding to the zero-value of the quasi-momentum k is also conditionally negative definite. In particular, E 0 (p) is an even functions and, hence, by Remark 3.8, without loss of generality one may assume that the function |f (·)| is even.
For k ∈ T 3 we introduce the trial
where p(k) denotes the minimum point of the function E k (p), that is, E k (p(k)) = E min (k) (if the minimum value of E k (p) is attained in several points choose p(k) as any one of them arbitrarily).
To prove (5.2) it is sufficient to establish the inequality
One gets
Using (5.4) one arrives at the representation
To check the basic inequality (5.3) we proceed as follows.
Making the change of variable p → −p + 2p(k) in (5.5) and using the fact that the functions E 0 (p) and |f (p)| are even, one obtains the representation
2 dp.
Making again the change of variable q → p − p(k) in (5.5) and (5.6) and adding the results obtained we get
By Lemma 5.2, for any (fixed) k = 0, one concludes that F(k, p) > 0 for almost every p ∈ T 3 , proving the basic inequality (5.3) and the claim follows.
Our second non-perturbative result provides sufficient conditions for the discrete spectrum of the whole family of fiber Hamiltonians h(k) with k = 0 to be non-empty. Proof. The case where h(0) has eigenvalues below the bottom of its essential spectrum has been already treated in Theorem 5.3. Assume, therefore, that the lower bound m(0) of h(0) coincides with the bottom of its essential spectrum, that is,
If, under this hypothesis, E 0 (0) is a (threshold) eigenvalue, the claim follows from Theorem 5.3. Assume, then, that h(0) has a virtual level at the bottom of its essential spectrum. Therefore, the equation
has a nontrivial solution ψ ∈ C(T 3 ). As in the proof of Theorem 5.3, without loss of generality one may assume that the function |ψ(p)| is even. In particular, the equation
By the dominated convergence Theorem the sequence f n,k converges in the space
with f (·) a summable majorant. Under Hypothesis 3.1 this means that the sequence of functions
where we used (5.7), (5.8) and the representations
In particular, one concludes that the limit
exists and is finite and, moreover,
Next, exactly as it has been done in the proof of Theorem 5.3, one checks the inequality
It follows from (5.9) that there exists an n 0 ∈ N such that
proving the existence of the discrete spectrum of h(k) below its essential spectrum for k = 0. The proof is complete.
Remark 5.5.
If the operator h(0) has a multiple threshold eigenvalue, then using the same strategy of proof one concludes that the variational estimate
holds for any 0 = f ∈ Ker(h(0) − E min (0)I). Therefore, estimate (5.10) holds for all functions f k (·) of the form (5.11) from a subspace of dimensionality
This means that the number N of eigenvalues of h(k) with k = 0 (counting multiplicity) below the bottom of the essential spectrum admits the estimate
Remark 5.6. The width w(k) of the essential spectrum band of the Hamiltonians h(k),
may vanish for some values of the quasi-momentum k ∈ T 3 . Therefore, the fiber Hamiltonians h(k) may have an infinite discrete spectrum for some values of the quasi-momentum k even if the spectrum of h(0) is essential. For instance, consider two (identical) particles with the one-particle dispersion relations of the form
Then if k 0 = (π, π, π) ∈ T 3 we have the "strong degeneration" of the two-particle dispersion relation:
Therefore, in this case, the fiber Hamiltonian h(k 0 ) associated with the system of two particles with dispersion relations (5.12) interacting via a fast decreasing potential v with infinitely many negative eigenvalues has an infinite discrete spectrum below the bottom of its essential spectrum. (In this particular example the essential spectrum of h(k 0 ) is a one-point set, namely, spec ess (h(k 0 )) = {6}).
It is also worth mentioning that even a partial degeneracy of the two-particle dispersion relation E k (·) for some values of the quasi-momentum k = 0 may generate a "rich" infinite discrete spectrum of the Hamiltonian h(k) outside the band [E min (k), E max (k)].
APPENDIX A. PROOF OF PROPOSITION 3.9 Assume without loss of generality that ε(0) = 0.
be an eigenfunction of the operator h(0) associated with a zero eigenvalue, that is,
The same argument as in the proof of Lemma 3.2 shows that the equivalence class associated with the function f has a representativef such that the function
is Hölder continuous, ψ ∈ B(κ). Hence the representativef is continuous away from the origin and since from Hypothesis 3.1 it follows that lim inf p→0 ε(p)|p| −2 > 0, the following asymptotic representatioñ
holds. Sincef ∈ L 2 (T 3 ) and κ > Introduce the function
Clearly, an argument as above shows that the following asymptotic representation
and then (A.3) means that the operator h(0) has a nontrivial kernel, completing the proof.
APPENDIX B. COEXISTENCE OF A THRESHOLD EIGENVALUE AND A VIRTUAL LEVEL
The main goal of this Appendix is to show by an explicit example that the Case IV is not empty.
Example B.1. Letĥ λ,µ , λ, µ ∈ R, be the discrete Schrödinger operator of the form
where ∆ is the discrete Laplacian from Example 2.1 and
The Fourier transform of the interaction can be explicitly computed
cos p i , and, hence, for the Birman-Schwinger kernel one gets the representation
where ε(q) is given by (2.3) and we have used the equality ε(0) = 0.
Introduce the notations
We remark that since the function ε(q) = ε(q 1 , q 2 , q 3 ) is invariant with respect to the permutations of its arguments q 1 , q 2 and q 3 , the integrals c, s, b, d above do not depend on the particular choice of the indices i, j. A simple computation shows that the following relations where f (q 1 , q 2 , q 3 ) = 1 3 − cos q 1 − cos q 2 − cos q 3 + 1 3 − cos q 1 − cos q 2 + cos q 3 + 1 3 − cos q 1 − cos q 2 − sin q 3 + 1 3 − cos q 1 − cos q 2 + sin q 3 .
Note that the function f is well defined on (−π, π] 3 \ {0}. One easily checks that for fixed q 1 , q 2 , the function f (q 1 , q 2 , q 3 ) as a function of the argument q 3 , q 3 ∈ [− 
.
Combining (B.6) and (B.7) proves the inequality
Applying the trick (B.5) two more times (first by getting rid of the variable q 2 and then of q 1 ) one arrives at the estimate 
Proof. Assume to the contrary that Λ = ∅, that is, 
then the Hamiltonian h λ,µ has both a virtual level and a threshold eigenvalue.
Proof. In accordance with Proposition 3.9 one needs to show that the integral operator G(0) given by (B.1) on the Banach space C(T 3 ) has two eigenfunctions, ψ and ϕ associated with an eigenvalue −1:
The space of all odd (resp. even) functions C o (T 3 ) (resp. C e (T 3 )) is an invariant subspace for the integral operator G(0). The restrictions
G e (p, q) = 1 (2π) 3 µ + λ 
